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Abstract
Two-scale homogenization technique is used to model periodic metal matrix composites in elastic-plastic range and the hp-adaptive
FEM is used to improve efficiency of numerical analysis in micro and macro scales. Since in some parts of the domain homogenization
may result in large modeling error, the estimation of this error is crucial for reliability of the results. Thus, we present in this paper
certain possibilities of modeling error estimation.
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1. Introduction

3. Formulations

In this research we consider metal matrix composites reinforced by another metallic material, that is distributed periodically. For both materials elastic-plastic model with kinematic
hardening was assumed. In order to reduce time of computation
two-scale homogenization technique is used to replace heterogeneous structure by homogeneous body with effective material parameters. We use RVE (representative volume element) approach
at micro-level to compute effective parameters for macro-level
[2, 3, 4]. The hp-adaptive finite element method [1] is used in
both scales.

3.1. Macro-scale problem
At the macro-scale the weak formulation of the problem may
be stated as follows:
ˆ 0 , inelasFind averaged displacement field u0 (x, t) ∈ V 0 + u̇
tic strains ε∗0 , and stresses σ 0 , such that at every time instant
t ∈ [0, T ]
Z

Z
ε0 (v) : C eff ε̇0 (u̇0 ) dΩ =

Ω

or

1. Discretization (initial mesh generation, selection of RVEs,
initial homogenized problem solution)
2. Iterative computation of macro-scale ∆ε0
• error estimation; possible repetition of the RVE solution in the case of mesh refinement
∗
• C ep
eff or h∆ε i computation

• Transfer of effective parameters to Gauss points
• Solution of macro-scale problem with effective material parameters or effective plastic strains h∆ε∗ i
• Error estimation for ∆ε0 (return to micro-scale possible)
3. Macro-scale error analysis, in the case of mesh refinement
GO TO 2
4. If load increment necessary GO TO 2
5. STOP

∂ΩN

Z

2. Algorithm of computational homogenization
The algorithm of computational homogenization for inelastic
problems may be briefly presented in the following form:

ˆṫ v ds +
0

Ω

ε0 (v) : C eff ε̇∗0 dΩ
Ω

Z
ε0 (v) : C ep
eff (t) ε̇0 (u̇0 ) dΩ =

Z

ˆ

ṫ0 v
∂ΩN

ds

(1)

∀v ∈ V 0 = {v ∈ [H 1 (Ω)]n , v = 0 na ∂ΩD }
where C eff stands for tensor of elastic effective material parameters and C ep
eff is effective elastic-plastic tensor. ∂ΩD i ∂ΩN are
the parts of Dirichlet and Neumann boundary conditions, respectively, ∂ΩD ∪ ∂ΩN = ∂Ω and ∂ΩD ∩ ∂ΩN = ∅ (in each direcˆ 0 are the known traction and displacements.
tion), ˆṫ0 , u̇
3.2. Micro-scale problem
The problem in micro-scale is defined in RVEs, which are
associated to selected points of the macro-body. Each RVE
represents detailed information about the microstructure and for
each RVE appropriate initial–boundary value problem is defined.
These micro-scale problems may be stated in the following form
after assuming boundary conditions on the basis of macro-scale
strains:
Find displacements u(x, t), inelastic strains ²∗ (x, t) and
stresses σ̇(x, t), such that for every t ∈ [0, T ]
Z
Z
Z
(2)
ε(v) : C ε̇(u̇) dΩ = ε(v) : C ε̇∗ dΩ + ˆṫ v ds
Ω

∀v ∈ V 0

Ω

∂ΩN
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where C is the tensor of elastic material parameters. We assumed classical associative, rate-independent, J2 flow plasticity rule with linear kinematic hardening, where the stresses are
bounded by the Mises yield surface.
4. Homogenization error estimation
Replacement of heterogeneous domain by a homogenized
body with effective material parameters, will introduce error resulted from incomplete information about the microstructure.
Thus, sometimes the homogenization cannot be used at least for
certain part of the domain [5].
The algorithm of homogenization error estimation for an
elastic body may be stated in the following way:
1. Compute effective material parameters.
2. Solve homogenized problem with effective properties →
u0 .
3. Compute residuum for heterogeneous body that corresponds to homogenized solution u0
ri =

2µ(u0i,jj

−
Ji = t+
i − ti

+

u0j,ij )

+

on ∂ωk

λu0k,kj δij

− fi

in ωk

(3)

i, j = 1, 2, 3

where ωk i ∂ωk are finite element domains and element
interfaces, respectively.
Wherever h||r|| + ||J || is large homogenization should not be
used.
5. Preliminary numerical results for elastic problems
We considered L-shape 3D domain, where the metal matrix
is reinforced by another metallic material, that is distributed uniformly (Fig.1).

Figure 2: Partially homogenized domain.
We also consider in this work assessment of the homogenization error by the following upper bound proposed in [5]
½Z
¾1/2
def
||u − u0 ||E ≤ ζupp =
I0 ∇u0 : CI0 ∇u0 dx
(4)
Ω

where

I0 = I − C −1 C eff .

Another possibility of modeling error estimation is based on
solution of heterogeneous problem in selected subdomains with
boundary conditions assumed on the basis of homogenized solution.
6. Concluding remarks
The hp-adaptive FEM was used at both macro and micro
scales for inelastic problems. Preliminary results show that the
proposed approach allows to indicate the parts of the body where
homogenization cannot be used. In our further work this approach will be extended for inelastic problems, tested for effectiveness and compared with the other possible error assessments.
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