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Abstract 
 

In this paper we present and compare three solid-to-shell transition models to be applied in the adaptive analysis of complex 
structures. In all three formulations we employ three-dimensional degrees of freedom only. The first and the simplest model 
guarantees boundary displacement continuity of the unconstrained displacements of the higher-order shell model and the 
displacements of first order shell model, where the kinematic constraints of no elongation of straight lines normal to the shell mid-
surface hold. In the second, enhanced formulation, the boundary displacement continuity is retained. Additionally,  zero normal 
stress assumption, typical for shells, is introduced continuously. This assumption is fully switched on the first-order shell boundary of 
the transition model and totally switched off on the higher-order shell boundary of this model. In between these two limit models, the 
transition state holds. Finally, in the last and the most recent formulation, the possibility of a continuous change of the assumption of 
no elongation of lines perpendicular to the shell mid-surface is suggested. The assumption is to be active on the boundary between 
the first-order shell model and the transition model and inactive on the boundary between the transition and hierarchical shell models.  
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1. Introduction 

1.1. General remarks 

The paper deals with our broad research on generation of 
the general method for the adaptive modelling and analysis of 
complex structures. In our research we consider static and 
dynamic problems of solid mechanics. We seek for the method 
that can be applied to structures of complex or simple 
mechanical description and/or complex or simple geometry. In 
particular the method should be applicable to numerically 
difficult problems of thin- and thick-walled structures. The 
method should be suitable for the bending- and membrane-
dominated problems, and mixed (both bending and membrane 
strains are present) problems as well, without the necessity of 
application of the different prosthesis approaches for each of 
these three cases.  

Our general approach to the modelling and analysis of the 
above mentioned problems is based on 3D-based hierarchical 
modelling, hierarchical hp-approximations, residual methods of 
error estimation, and three- or four-step error-controlled 
adaptive procedures. The approach is described in detail in [1].  

1.2. Scope of the paper 

The scope of this paper concerns problems of hierarchical 
modelling of structures of complex mechanical description 
(more than one mechanical model employed). In our modelling 
we include first order shell model, hierarchical shell models, 
and three-dimensional elasticity model, called the pure models.  
Our approach is 3D-based one, i.e. we employ  three-
dimensional degrees of freedom (dofs) only, instead of mid-
surface displacements, rotations, and other generalized dofs, 
utilized in the conventional shell models. The details concerning 

our approach can be found in [2]. In this paper we are interested 
in hierarchical transition models joining the pure models, i.e. 
hierarchical shell models (conforming to higher-order shell 
theories) with the first order shell model. The necessity of 
introduction of such transition models has been addressed by us 
in [3].  

In this paper we would like to present the most recent 
results of our research on the transition models for a fully 
automatic model- and hp-adaptation in the complex and simple 
problems of solid mechanics.  

2. Transition models 

2.1. The simplest transition model 

In this paper we consider three transition models and the 
corresponding adaptive transition elements. In the first 
transition model [4, 5] continuity of the transverse 
displacements between the pure 3D-based higher-order shell 
model and the 3D-based first-order shell model is guaranteed. 
This is performed through imposition of the constraints of no 
elongation of the lines perpendicular to the mid-surface on the 
boundary between the first-order and the transition models.  

In this transition model, however, the continuity of the 
transverse normal stress through the boundary between the first-
order and transition models does not hold. In the transition 
model under consideration we deal with the zero normal stress 
in the first-order zone of the structure, while in the transition 
and higher-order zones this stress can be arbitrary (as in the 3D-
elasticity model).  

The inherent feature of this transition model is the presence 
of the internal boundary layer in the transition zone [6, 7]. The 
presence of this layer affects convergence of the solution. In the 
case of bending-dominated problems the convergence curves 
for the problems employing transition models are close to the 
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curves for the pure higher-order shell model problems. 
However, these curves are unordered in respect to the 
contribution of the first-order model to the mixed model of the 
structure. In the case of the membrane-dominated shells the 
situation is much worse. The convergence rates obtained with 
the transition models are much lower than for the solutions 
obtained with the pure models (see [2] for details).  

2.2. The enhanced transition model 

The second transition model (see [3, 8] for details) is the 
enhanced version of the first one. The model still guarantees 
continuity of the transverse displacements through the boundary 
of the transition model. The constraints of no elongation of the 
lines perpendicular to the mid-surface are imposed in the same 
manner as in the case of the first transition model, i.e. on the 
boundary between the first-order shell model and the transition 
model.  

In the enhanced version, we additionally assume the 

continuous transition of the transverse strains RMD/3
33e from the 

first-order model strains ))(1/( 221133
RMRMRM eenne +--= , resulting 

from the condition 033 =RMs , to the hierarchical shell (or the 3D 

elasticity) strains D3
33e , i.e.  

DRMRMD ff 3
33213321

/3
33 )],(1[),( exxexxe -+=                                (1) 

In the above relation, ),( 21 xxff = , with 1x  and 2x  denoting 
normalized coordinates of the shell mid-surface, represents the 
blending function converting zero normal stress of the first-
order shell, into arbitrary higher-order shell normal stress. The 
blending function is equal to 1 on the boundary between the 
first-order and transition models and equals 0 on the boundary 
between the transition and higher-order shell (or 3D-elasticity) 
models. 

The main feature of the enhanced model is that the 
boundary layer between the first-order and transition models 
disappear. When applying the enhanced transition model to the 
bending dominated shells we observe the right ordering of the 
convergence curves in respect to the contribution of the first-
order model to the mixed model of the structure. Moreover, in 
the membrane dominated shell problems the convergence rates 
are improved in comparison to the corresponding curves 
obtained with the application of the simplest transition model. 
However, these rates are not as good as for the pure models.  

2.3.  The recent transition model 

In this paper we are on our way towards the transition 
model which guarantees the convergence rates of solutions of 
the bending-dominated, membrane-dominated, and mixed, 
thick- or thin-walled problems similar to the convergence of the 
solutions obtained for the pure models.  

So as to accomplish the above formulated task we propose 
the continuous change of the kinematic assumptions of the 
Reissner-Mindlin origin (deformation of the lines perpendicular 
to shell mid-surface into lines without elongation) throughout 
the transition zone. Note that in the simplest and enhanced 
transition models this assumptions are applied only on the 
boundary between the first-order shell and transition models. In 
the internal part of the transition zone they are not present.   

The idea will be implemented directly on nodes through 
introduction of the blending matrices A and A’  acting on the 
parts K and K’ ( without and with the kinematic assumptions 
imposed) of the stiffness matrix and the corresponding parts F 
and F’ of the load vector, i.e.     

( ) RMDTTTTRMD /3/3 ''''' FFAFAuAKAKAAK =+=+=   (2) 

The blending matrices A and A’  are composed of the values 
),( 21 IIII ff xx=  and ),(1' 21 IIII ff xx-=  of the blending 

functions at nodes I.  The value of this function is equal to 1 for 
the nodes located on the boundary between the higher-order 
shell and transition zones, while for the boundary between the 
first-order shell and transition models the nodal values are 0. 
Between these two boundaries we have .10 << If   

Implementation of the above proposed Reissner-Mindlin 
semi-constraints is not a trivial task as it depends very much on 
the form of A and A’ . The issue is elucidated by us in the next 
section of the paper.  

3. Finite elements corresponding to the recent model 

There are two main obstacles in formulation of the adaptive 
finite elements corresponding to the transition model called by 
us the recent one. Firstly, the form of the semi-constraints to be 
imposed on the transition elements is not clear. We know that 
the Reissner-Mindlin kinematic constraints (postulating 
deformation of the straight lines normal to the shell mid-surface 
into straight lines without elongation) hold on the boundary of 
the transition element, adjacent to the first-order shell elements. 
On the other hand, on the transition element boundary part 
adjacent to the hierarchical shell (or 3D-elasticity) elements no 
constraints hold. The question arises then how to define 
transition semi-constraints between the two mentioned states to 
be imposed in the interior of the transition element. Note that 
there is no unique answer to this question!  

The second obstacle is the result of the mathematical form 
of the semi-constraints corresponding to (2). The problem is 
that internal constraints of two adjacent transition elements are 
not independent, as they involve the dofs of the common 
boundary between the elements. As a result, the constraints 
have to be imposed on the global (structure) level or the level of 
a patch of elements, the dofs of which enter a semi-constraint 
equation. This makes imposition of the semi-constraints of the 
general form complex and consequently ineffective or at least 
costly.  

Because of these two obstacles in this work we propose, as 
a preliminary trial, a simpler approach which lies in 
introduction of the constraint of deformation of the straight lines 
normal to the shell mid-surface into straight lines. These 
constraints are assumed in the solid part (the interior and 
hierarchical shell boundary part) of the transition elements. The 
advantage of such an approach is clear mechanical 
interpretation of the constraints and mathematical independence 
of the constraints of the neighbouring elements.  

4. Numerical research 

In order to illustrate effectiveness of the new elements in 
removal of the internal boundary layer/layers in the transition 
zone we present the results of stress analysis for two model 
problems – bending- and membrane-dominated ones. The first 
problem deals with a clamped square plate loaded with uniform 
normal traction. The second example is formed by a cylindrical 
shell under the internal pressure. The shell support is such that 
rotations of the circular edges of shell are not allowed. The 
thickness to length ratio equals 0.01 in both examples. 

Note that due to the symmetry only a quarter of the plate 
and an octant of a shell are analysed in our tests and then 
displayed in the corresponding figures. In the numerical tests 
we use uniform (8x8x2) meshes of 128 triangular-prism 
elements. The meshes and their divisions into hierarchical shell 
or solid (MI or 3D), first order shell (RM), and transition 
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(RM/MI or RM/3D) zones for both structures are presented in 
Figs 1 and 2. In the transition  zones we apply either our current 
(or should we say recent) transition elements, their previous 
version named enhanced one, or the simplest transition 
elements, so as to be able to compare all three versions.  
 

 
Figure 1: Solid, transition and shell zones of the plate 
 

 
Figure 2: Solid, transition and shell zones of the shell 
 

The longitudinal order of approximation in both examples is 
uniform and equals p=1,2,…,9 (note that only the case of p=6 is 
presented in the figures below). In the plate example the 
transverse order of approximation equals q=2 and q=1 in the 
hierarchical shell (or solid) and first order shell zones of the 
plate, respectively. In the membrane-dominated shell example 
we consider two possible options. In the first one we have q=2 
and q=1 in the hierarchical shell and first-order shell zones, 
while in the second one in both zones q=1 is applied.  
 

4.1. The bending-dominated plate results 

In order to make the presence of the boundary layers in the 
plate problem visible we perform the effective stress 
calculations. The results of these calculations for the mixed 
plate model, in which the simplest transition elements are 
applied, are presented in Fig. 3. In the case of the mixed models 
employing the enhanced and recent transition elements the 
results are merely the same. Thus we display them in the 
common Fig. 4.  

It can be noticed that in the case of the simplest transition 
elements the internal boundary layers appear. They have a form 
of the effective stress discontinuity due to the jump of the 

normal stress s33. Its presence is visible in the middles of the 
plate edges. The layer extends along the boundary between the 
first-order shell and transition zones (compare Figs 1 and 3). 
The boundary layer is not observed, however, on the boundary 
between the hierarchical shell and transition zones. Both the 
observations are in good agreement with our expectations 
resulting from theoretical considerations for the simplest 
transition model.  
 

 
Figure 3: Effective stress (the simplest elements applied) 
 

 
Figure 4: Effective stress (the enhanced or recent elements) 
 

On the contrary, in the case of application of the enhanced 
and recent transition elements no boundary layer is visible on 
both the first-order shell-transition and hierarchical shell-
transition boundaries of the transition zone. It is clearly visible 
that the enhancement of the simplest transition model played its 
role. The recent changes in the transition model appeared to be 
ineffective, however.    

4.2. The membrane-dominated shell results (option 1) 

As said previously, in option 1 of the membrane-
dominated shell we consider a hierarchical shell model of q=2 
in the hierarchical shell zone and the first order (q=1) shell 
model in the respective shell zone. So as to illustrate the 
presence of the internal boundary layer in this example we 
choose stress component s33. The reason is that for this 
component the boundary layer is better visible than in the case 
of the effective stress. The results for three mixed models of the 
shell, employing the simplest, enhanced and recent transition 
elements, are presented in Figs 5, 6 and 7, respectively.  
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The presence of the jump of the stress component s33 
along the boundary between the first order shell and transition 
zones is visible in Fig. 5 (compare with Fig. 2). Again, no 
boundary layer is observed along the boundary between the 
transition and hierarchical shell (or solid) zones.  
 

 
Figure 5: Stress component s33 (the simplest elements applied) 
 

 
Figure 6: Stress component s33 (the enhanced elements applied) 
 

 
Figure 7: Stress component s33 (the recent elements applied) 
 

In the case of the enhanced transition elements employed, 
a partial removal of the boundary layer can be observed in Fig. 
6. There is no longer any jump of s33 detected on the 

hierarchical shell-transition boundary of the transition zone. 
Also no such a jump is present on the first-order shell-transition 
boundary of this zone. In spite of this apparent improvement, 
one can observe a disturbance in the distribution of stress s33 
along the first-order shell-transition boundary of the transition 
zone.  

In the case of the recent transition elements utilized in the 
transition zone, further improvement in distribution of s33 stress 
is observed (see Fig. 7). No jumps of the stress are observed and 
the stress distribution is smoother. The situation is almost the 
desired one, i.e. we have almost invisible transition from the 
three-dimensional state of strain and stress to the stress and 
strain states of the first order shell.  

4.3. The membrane-dominated shell results (option 2) 

In option 2 of the membrane-dominated shell, we assume 
the transverse order of approximation equal to one, i.e. q=1, in 
both the hierarchical and first order shell zones. Note that such 
an option is possible because for membrane-dominated shells 
the improper solution limit, present in the bending-dominated 
structures, does not appear. The issue is explained in [1], for 
example.  
 

 
Figure 8: Stress component s33 (the simplest elements applied) 
 

 
Figure 9: Stress s33 (the enhanced or recent transition elements) 
 

It can be seen from Fig 8, corresponding to the mixed shell 
model employing the simplest transition elements, that the 
boundary layer along the first-order shell-transition boundary of 
the transition zone is present. Also no boundary layer along the 
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hierarchical shell-transition boundary is observed. The situation 
is similar to that presented in Fig. 5 of option 1.  

In the cases when either the enhanced or recent transition 
elements are employed, the situation is different from the 
previous one but the same for both the latter cases. In both the 
cases under consideration, there is no boundary layer visible on 
the hierarchical shell-transition and first-order shell-transition 
boundaries of the transition zone. There is, however, some 
disturbance in the distribution of s33 visible along the first-order 
shell-transition boundary of the transition zone.  

The equivalence of both above cases results from the fact 
that the condition of deformation of the straight lines normal to 
the shell mid-surface into straight lines is fulfilled with the 
assumption of q=1, and thus no further constraints of the recent 
model have to be imposed. 

5. Conclusions 

The main proposed and desired feature of the suggested 
version of the recent 3D-based solid-to-shell transition model is 
that it should allow continuous transition from the condition of 
zero normal stress (typical for the first-order shells) to the 3D 
state of stresses of the higher-order shells, and 3D elastic bodies 
as well. Also continuous change of the Reissner-Mindlin 
kinematic assumptions (deformation of straight lines 
perpendicular the mid-surface into straight lines without 
elongation) is suggested.  

Fulfilment of these suggestions is not a trivial task due to 
non-unique form of the corresponding semi-constraints to be 
imposed, and the mathematical dependence of such constraints 
in general.  

The current version of the recent hpq/hp-adaptive transition 
elements, moving us towards the suggested one, is based on the 
introduction of the condition of deformation of the straight 
lines, normal to the shell mid-surface, into straight lines. This 
condition holds in the hierarchical shell part of the transition 
elements.  

The advantage of application of the new transition elements 
is that the convergence rates in bending-dominated, membrane-
dominated and mixed problems are almost the same as in the 
problems modelled with pure models only. In this respect, the 
influence of the transition models becomes almost invisible. 
This result is the consequence of diminishment of the internal 
boundary layer in the transition zone.  

The effective, yet simple, method of complete removal of 
such layers from the solution in the thin- or thick-walled 
members of complex structures needs further theoretical and 
numerical research.  
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