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Abstract

In this paper we present and compare three solghédl transition models to be applied in the adapanalysis of complex
structures. In all three formulations we employetidimensional degrees of freedom only. The fired ¢he simplest model
guarantees boundary displacement continuity of dineonstrained displacements of the higher-ordeil shedel and the
displacements of first order shell model, wherekimematic constraints of no elongation of strailjies normal to the shell mid-
surface hold. In the second, enhanced formulatiom,boundary displacement continuity is retaineddifionally, zero normal
stress assumption, typical for shells, is introducentinuously. This assumption is fully switcheadthe first-order shell boundary of
the transition model and totally switched off oe tiigher-order shell boundary of this model. Inissn these two limit models, the
transition state holds. Finally, in the last and ithost recent formulation, the possibility of a thamous change of the assumption of
no elongation of lines perpendicular to the shed-surface is suggested. The assumption is to theeagn the boundary between
the first-order shell model and the transition mi@d® inactive on the boundary between the trams#ind hierarchical shell models.
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our approach can be found in [2]. In this papervneeinterested
1. Introduction in hierarchical transition models joining the puredels, i.e.

hierarchical shell models (conforming to highereardshell

theories) with the first order shell model. The emsity of
1.1. General remarks introduction of such transition models has beerresigbd by us
in [3].

In this paper we would like to present the mostenéc
results of our research on the transition modets aofully
automatic model- antip-adaptation in the complex and simple
problems of solid mechanics.

The paper deals with our broad research on geoarati
the general method for the adaptive modelling amalyais of
complex structures. In our research we consideticstnd
dynamic problems of solid mechanics. We seek ferrtiethod
that can be applied to structures of complex orp&m
mechanical description and/or complex or simplengetoy. In
particular the method should be applicable to nicaby
difficult problems of thin- and thick-walled struces. The
method should be suitable for the bending- and meng
dominated problems, and mixed (both bending and bnamne

2. Transition models

2.1. The simplest transition model

strains are present) problems as well, withoutrtbeessity of In this paper we consider three transition modeld tne
application of the different prosthesis approacfogseach of corresponding adaptive transition elements. In thest
these three cases. transition model [4, 5] continuity of the transwers

Our general approach to the modelling and analysihe  displacements between the pure 3D-based higher-cafakell
above mentioned problems is based on 3D-basedrdfizal model and the 3D-based first-order shell modeluargnteed.
modelling, hierarchicahp-approximations, residual methods of This is performed through imposition of the consii® of no
error estimation, and three- or four-step errortadled  elongation of the lines perpendicular to the mideste on the
adaptive procedures. The approach is describedtail éh [1]. boundary between the first-order and the transitimadels.

In this transition model, however, the continuity the
transverse normal stress through the boundary leetthe first-

The scope of this paper concerns prob]ems of lukical order and transition models does not hold. In ttemsition
mode”ing of structures of Comp|ex mechanical degcrn model under consideration we deal with the zeronabistress
(more than one mechanical model employed). In codetiing ~ in the first-order zone of the structure, whiletire transition
we include first order shell model, hierarchicaestmodels, —and higher-order zones this stress can be arbitaarin the 3D-
and three-dimensional elasticity model, called thee models. ~ €lasticity model). _ 3 _

Our approach is 3D-based one, i.e. we employ three The inherent feature of this transition model is fiiesence
dimensional degrees of freedom (dofs) only, instefidnid- of the internal .bOUndary layer in the tranSItlomeQ_G, 7]. The
surface displacements, rotations, and other gdpedaldofs, —Presence of this layer affects convergence of dhetisn. In the

utilized in the conventional shell models. The dsteoncerning  case of bending-dominated problems the convergencees
for the problems employing transition models amselto the

1.2. Scope of the paper
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curves for the pure higher-order shell model pnoisle

The blending matriced andA’ are composed of the values

However, these curves are unordered in respecth® t f, = f(q.X) and f\,=1- f (%, ,xy) of the blending

contribution of the first-order model to the mixetwdel of the
structure. In the case of the membrane-dominatedissthe
situation is much worse. The convergence ratesiradatawith
the transition models are much lower than for tb&utgons
obtained with the pure models (see [2] for details)

2.2. The enhanced transition model

The second transition model (see [3, 8] for detasisthe
enhanced version of the first one. The model giilarantees
continuity of the transverse displacements thrathghboundary
of the transition model. The constraints of no gktion of the
lines perpendicular to the mid-surface are impdeeithe same
manner as in the case of the first transition model on the
boundary between the first-order shell model aredtthnsition
model.

functions at nodek The value of this function is equal to 1 for
the nodes located on the boundary between the hagher
shell and transition zones, while for the boundagyween the
first-order shell and transition models the nodalues are O.

Between these two boundaries we hawvef, <1.

Implementation of the above proposed Reissner-Mindl
semi-constraints is not a trivial task as it degenery much on
the form ofA andA’ . The issue is elucidated by us in the next
section of the paper.

3. Finite elements corresponding to the recent model

There are two main obstacles in formulation of adaptive
finite elements corresponding to the transition eiazhlled by

In the enhanced version, we additionally assume th@s the recent one. Firstly, the form of the semist@ints to be

continuous transition of the transverse stra@g ™ from the
first-order model straingl= -n /- n)(eX" + &' ,resulting

imposed on the transition elements is not clear. Rivaw that
the Reissner-Mindlin kinematic constraints (posiota
deformation of the straight lines normal to thellsiméd-surface

from the conditionsg‘;“" =0, to the hierarchical shell (or the 3D into straight lines without elongation) hold on theundary of

elasticity) strainsez, , i.e.
e;sD/RM =f (Xsz) e;M + [1' f (Xv Xz)] e;? (1)

In the above relationf = f (x;,x,) , with x, and x, denoting

normalized coordinates of the shell mid-surfaceresents the
blending function converting zero normal stressthug first-

order shell, into arbitrary higher-order shell nairstress. The
blending function is equal to 1 on the boundaryween the
first-order and transition models and equals 0@ koundary
between the transition and higher-order shell @reBasticity)

models.

The main feature of the enhanced model is that th

boundary layer between the first-order and tramsitmodels
disappear. When applying the enhanced transitiodeinio the
bending dominated shells we observe the right ardesf the
convergence curves in respect to the contributibthe first-
order model to the mixed model of the structurerédwer, in
the membrane dominated shell problems the conveegeates

are improved in comparison to the correspondingvesr

obtained with the application of the simplest tiios model.
However, these rates are not as good as for theerpadels.

2.3. The recent transition model

In this paper we are on our way towards the tramsit

model which guarantees the convergence rates afieo$ of

the bending-dominated, membrane-dominated, and dnixe4

thick- or thin-walled problems similar to the congence of the
solutions obtained for the pure models.

So as to accomplish the above formulated task wpgse
the continuous change of the kinematic assumptioinshe
Reissner-Mindlin origin (deformation of the linesrpendicular
to shell mid-surface into lines without elongatidhyoughout
the transition zone. Note that in the simplest amhanced
transition models this assumptions are applied anly the
boundary between the first-order shell and tramsithodels. In
the internal part of the transition zone they asepresent.

The idea will be implemented directly on nodes tuio
introduction of the blending matrices and A’ acting on the

partsK andK’ ( without and with the kinematic assumptions

imposed) of the stiffness matrix and the correspungartsF
andF’ of the load vector, i.e.

K 3D/RM =(ATKA+A'T K'A')u = ATF + ATF'=F3P/RM (9)

the transition element, adjacent to the first-orstezll elements.
On the other hand, on the transition element boyngart

adjacent to the hierarchical shell (or 3D-elastjcélements no
constraints hold. The question arises then how ¢find

transition semi-constraints between the two meetiostates to
be imposed in the interior of the transition eletédfote that
there is no unique answer to this question!

The second obstacle is the result of the matheaidticm
of the semi-constraints corresponding to (2). Theblem is
that internal constraints of two adjacent transitedements are
not independent, as they involve the dofs of thenroon
boundary between the elements. As a result, thetonts
have to be imposed on the global (structure) levehe level of

& patch of elements, the dofs of which enter a smEmstraint

equation. This makes imposition of the semi-conmstsaof the
general form complex and consequently ineffectiveatleast
costly.

Because of these two obstacles in this work we geepas
a preliminary trial, a simpler approach which liga
introduction of the constraint of deformation oéttraight lines
normal to the shell mid-surface into straight lin€khese
constraints are assumed in the solid part (therianteand
hierarchical shell boundary part) of the transitdaments. The
advantage of such an approach is clear
interpretation of the constraints and mathematit@g¢pendence
of the constraints of the neighbouring elements.

Numerical research

In order to illustrate effectiveness of the newnsats in
removal of the internal boundary layer/layers ie thansition
zone we present the results of stress analysiswior model
problems — bending- and membrane-dominated ones fifidi
problem deals with a clamped square plate loadéd wviiform
normal traction. The second example is formed lyladrical
shell under the internal pressure. The shell suppasuch that
rotations of the circular edges of shell are ndbvedd. The
thickness to length ratio equals 0.01 in both examp

Note that due to the symmetry only a quarter of plse
and an octant of a shell are analysed in our tests then
displayed in the corresponding figures. In the nuicaé tests
we use uniform (8x8x2) meshes of 128 triangulasari
elements. The meshes and their divisions into tdbieal shell
or solid (Ml or 3D), first order shell (RM), andatusition

mechanical
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(RM/MI or RM/3D) zones for both structures are gregd in
Figs 1 and 2. In the transition zones we applyegibur current
(or should we say recent) transition elements,rtpegvious
version named enhanced one, or the simplest tiamsit
elements, so as to be able to compare all thresoves:

Figure 1: Solid, transition and shell zones ofpitete

Figure 2: Solid, transition and shell zones ofghell

The longitudinal order of approximation in both eyaes is
uniform and equalp=1,2,...,9 (note that only the casepsf6 is
presented in the figures below). In the plate eXame
transverse order of approximation equagt2 andg=1 in the
hierarchical shell (or solid) and first order shetines of the
plate, respectively. In the membrane-dominated| shelmple
we consider two possible options. In the first eveehaveg=2
and g=1 in the hierarchical shell and first-order shatines,
while in the second one in both zomgsl is applied.

4.1. The bending-dominated plate results

In order to make the presence of the boundary $aiyethe
plate problem visible we perform the effective s#re
calculations. The results of these calculations tfee mixed
plate model, in which the simplest transition elatseare
applied, are presented in Fig. 3. In the case®htixed models
employing the enhanced and recent transition el&snéme
results are merely the same. Thus we display thenthe
common Fig. 4.

It can be noticed that in the case of the simglastsition
elements the internal boundary layers appear. Tiagg a form
of the effective stress discontinuity due to thenguof the

normal stressszs. Its presence is visible in the middles of the
plate edges. The layer extends along the boundzteyelen the
first-order shell and transition zones (comparesFigand 3).
The boundary layer is not observed, however, orbthendary
between the hierarchical shell and transition zomsth the
observations are in good agreement with our expent
resulting from theoretical considerations for thanmest
transition model.
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Figure 3: Effective stress (the simplest elemeptdiad)
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Figure 4: Effective stress (the enhanced or reelements)

On the contrary, in the case of application ofehbanced
and recent transition elements no boundary layefisible on
both the first-order shell-transition and hieracehi shell-
transition boundaries of the transition zone. Itlsarly visible
that the enhancement of the simplest transitionehplhyed its
role. The recent changes in the transition modpkaped to be
ineffective, however.

4.2. The membrane-dominated shell results (option 1)

As said previously, in option 1 of the membrane-
dominated shell we consider a hierarchical sheldeh@f g=2
in the hierarchical shell zone and the first ordgrl) shell
model in the respective shell zone. So as to ithst the
presence of the internal boundary layer in thisngda we
choose stress componests. The reason is that for this
component the boundary layer is better visible timathe case
of the effective stress. The results for three chimedels of the
shell, employing the simplest, enhanced and retamisition
elements, are presented in Figs 5, 6 and 7, régplct
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The presence of the jump of the stress compomgnt
along the boundary between the first order shedl mansition
zones is visible in Fig. 5 (compare with Fig. 2)ga, no
boundary layer is observed along the boundary beiwthe
transition and hierarchical shell (or solid) zones.

Figure 5: Stress componesy; (the simplest elements applied)

Figure 6: Stress componesy; (the enhanced elements applied)

Figure 7: Stress componesy; (the recent elements applied)

In the case of the enhanced transition elementdosenb,
a partial removal of the boundary layer can be nlegkin Fig.
6. There is no longer any jump ofs;; detected on the

hierarchical shell-transition boundary of the titios zone.
Also no such a jump is present on the first-ordlistransition
boundary of this zone. In spite of this apparenpriorement,
one can observe a disturbance in the distributiostr@sssss
along the first-order shell-transition boundarytbé transition
zone.

In the case of the recent transition elementszetiliin the
transition zone, further improvement in distributiof S35 stress
is observed (see Fig. 7). No jumps of the stres®hserved and
the stress distribution is smoother. The situato@almost the
desired one, i.e. we have almost invisible tramsitirom the
three-dimensional state of strain and stress tosthess and
strain states of the first order shell.

4.3. The membrane-dominated shell results (option 2)

In option 2 of the membrane-dominated shell, weiass
the transverse order of approximation equal to areg=1, in
both the hierarchical and first order shell zondste that such
an option is possible because for membrane-doninsiells
the improper solution limit, present in the benddaninated
structures, does not appear. The issue is explamétl], for
example.

Figure 8: Stress componesy; (the simplest elements applied)

Figure 9: Stresss; (the enhanced or recent transition elements)

It can be seen from Fig 8, corresponding to theethishell
model employing the simplest transition elementst tthe
boundary layer along the first-order shell-tramsitboundary of
the transition zone is present. Also no boundaygialong the
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hierarchical shell-transition boundary is observEge situation
is similar to that presented in Fig. 5 of option 1.

In the cases when either the enhanced or receriticn
elements are employed, the situation is differemmf the
previous one but the same for both the latter cdeelsoth the
cases under consideration, there is no boundaey lgible on
the hierarchical shell-transition and first-orddrel-transition
boundaries of the transition zone. There is, howegeme
disturbance in the distribution &f3 visible along the first-order
shell-transition boundary of the transition zone.

The equivalence of both above cases results frarfabt
that the condition of deformation of the straighek normal to
the shell mid-surface into straight lines is fléfd with the

assumption of=1, and thus no further constraints of the recent

model have to be imposed.

5. Conclusions

The main proposed and desired feature of the stagjes
version of the recent 3D-based solid-to-shell iters model is
that it should allow continuous transition from ttendition of
zero normal stress (typical for the first-order Is)eto the 3D
state of stresses of the higher-order shells, &ndl&stic bodies
as well. Also continuous change of the Reissnerdlitin
kinematic assumptions (deformation of straight dine
perpendicular the mid-surface into straight linestheut
elongation) is suggested.

Fulfilment of these suggestions is not a trivigdktaue to
non-unique form of the corresponding semi-constsaio be
imposed, and the mathematical dependence of sut$tramts
in general.

The current version of the recemig/hpadaptive transition
elements, moving us towards the suggested onasisdbon the
introduction of the condition of deformation of ttetraight
lines, normal to the shell mid-surface, into stmitines. This
condition holds in the hierarchical shell part be ttransition
elements.

The advantage of application of the new transig@ments
is that the convergence rates in bending-dominatextmbrane-
dominated and mixed problems are almost the sanie t
problems modelled with pure models only. In thispect, the
influence of the transition models becomes almasisible.
This result is the consequence of diminishmenthef internal
boundary layer in the transition zone.

The effective, yet simple, method of complete reatoof
such layers from the solution in the thin- or thig&lled
members of complex structures needs further thieateand
numerical research.
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