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Abstract
This contribution deals with the modeling of damage and delamination phenomena as rate-independent processes. Different models
are presented and their analysis using the energetic formulation of rate-independent processes is commented.
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1.

Introduction

Damage means the creation and growth of cracks and voids
on the micro-level of a solid material. Although it still may be
observed as a continuous body on the macroscopic level the evolution of micro-defects may change the mechanical properties
of the solid. This phenomenon can be described by means of
continuum damage mechanics, which was introduced by L.M.
Kachanov in 1958, see e.g. [1]. Within this approach an inner
variable, the damage variable z : [0, T ] × Ω → [0, 1], is incorporated to the constitutive law, where it reflects the changes in
the elastic behavior of the body due to damage. Here, [0, T ] denotes a time interval and Ω ⊂ Rd , d ∈ N, the reference domain
of the body. Moreover, z(t, x) = 1 stands for no damage and
z(t, x) = 0 for complete damage in the point (t, x) ∈ [0, T ] × Ω.
With similar ideas also the delamination, i.e. the micro-cracking,
of a compound along an interface ΓC can be described. Then, the
inner variable z : [0, T ] × ΓC → [0, 1] denotes the delamination
variable, which accounts for the constitution of the bonding along
the interface.
In many materials the healing of defects is impossible. With
the above notion the unidirectionality of the defect evolution is
described by the condition
ż ≤ 0 ,

(1)

where ż is the partial time-derivative of the inner variable z.
For various applications the temporal evolution of defects can
be considered as rate-independent. This is the case if the time
scales imposed to the system from the exterior are much larger
than the intrinsic ones, i.e. if the external loadings evolve much
slower than the inner variables.
This contribution deals with the modeling of damage and delamination in the rate-independent setting. Section 2 describes
the mathematical modeling in the framework of the energetic formulation of rate-independent processes. In Section 3 a model
for partial isotropic damage is presented. Section 3.1 discusses
the analytical tools and challenges in the analysis of this model.
Section 3.2 gives an overview over existence results for different
aspects in the mathematical modeling. Examples from engineering which apply to this theory are given in the Sections 3.3–3.7.
Section 4 presents several delamination models. They can be derived as the limits of damage models. The analytical tool for this
∗

limit passage is the Γ-convergence of rate-independent processes,
which is briefly introduced in Section 4.1. The paper concludes
with a summary of the presented results in Section 5.
2.

Energetic formulation of rate-independent processes

In the rate-independent setting the evolution of defects can be
described mathematically using the so-called energetic formulation of the process. This approach is solely based on an energy
functional E : [0, T ]×Q → R∪{∞} and on a dissipation potential R : Z → [0, ∞] which takes into account the evolution of the
inner variable. Thereby Q = U × Z is the state space with U as
the set of admissible displacements and Z as the set of admissible inner variables. Rate-independence is featured by the positive
1-homogeneity of R, i.e. R(0) = 0 and R(αv) = αR(v) for all
α ∈ (0, ∞] and all v ∈ Z. Moreover, (1) is incorporated to the
model by using the following form for R:

Z
̺|ż| if ż ≤ 0 ,
R(ż) := R(ż(x)) dx with R(ż) :=
(2)
∞
otherwise ,
D
for a constant ̺ > 0 and D ∈ {Ω, ΓC }.
The notion of solution used in the energetic formulation is the
so-called energetic solution q = (u, z) : [0, T ] → Q, which is
characterized by satisfying the global stability condition (S) and
the global energy balance (E) for all s, t ∈ [0, T ]:
for all q̃ = (ũ, z̃) ∈ Q holds :
(S)
E (t, q(t)) ≤ E (t, q̃) + R(z̃−z(t)) ,
Rt
E (t, q(t))+DissR (z, [s, t]) = E (s, q(s))+ s ∂ξ E (ξ, q(ξ)) dξ
(E)
PN
with DissR (z, [s, t]) := supP j=1 R(z(ξj )−z(ξj−1 )) and
¯
P = {s = ξ0 < . . . < ξN = t, N ∈ N . In particular, a given
initial datum q0 = (u0 , z0 ) ∈ Q has to satisfy (S) at time t = 0.
If E (t, ·) is convex and sufficiently smooth and if an energetic solution q is sufficiently smooth in time then the energetic
formulation is equivalent to the subdifferential formulation:
For all t ∈ [0, T ] : 0 ∈ ∂R(q̇(t)) + Dq E (t, q(t)), q(0) = q0 .
Here, Dq E denotes the Gâteaux derivative of E and ∂R is the
(multivalued) subdifferential of the convex, 1-homogeneous, but
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non-differentiable functional R, e.g. as in (2). In general, the
energetic formulation provides a very low temporal regularity of
energetic solutions, only. In particular, energetic solutions may
even jump with respect to time. But under stronger convexity
assumptions on the energy functional it can be shown that the
temporal regularity of solutions improves to continuity or even to
Hölder or Lipschitz continuity, see Section 3.6 and [2, 3].
3.

A model for partial isotropic damage

In the following a model describing the partial isotropic damage in nonlinearly elastic materials is presented. Thereby, partial
damage means that the material cannot completely disintegrate,
i.e. there is a lower bound z⋆ > 0 for the damage variable and
for z = z⋆ the material is still able to support arbitrary stresses
without further damage. Based on a damage model proposed in
[4] the energy functional is assumed to be of the following form
Z
E (t, u, z) :=
W (e(u), z) dx − hl(t), ui + G(z) .
(4)
Ω

The rate-independent damage process is driven by the timedependent external loadings l : [0, T ] → U ∗ (second term),
where U ∗ stands for the dual space of the Banach space U. The
first term in (4) denotes the stored elastic energy of the body. In
many engineering contributions there is made an ansatz for W,
which links the damage variable and the linearized strain tensor
e(u) = 21 (∇u + ∇u⊤ ) multiplicatively [5], such as e.g.
W (e, z) = zµ|e|2 + λ2 | tr e|2 .

(5)

Here λ, µ > 0 are the Lamé constants and tr e is the trace of e.
The term G(z) in (4) involves the gradient of the damage variable.
Hence, on the one hand it mathematically serves as a regularization. On the other hand, engineers use the damage gradient to
account for nonlocal microscopic interactions [6, 7].
3.1.

Analytical tools and challenges

Like damage, also the evolution of other mechanical processes in solids, such as elasto-plastic deformations, phase transitions in shape memory alloys or crack propagation, can be modeled rate-independently, see e.g. [8, 9, 10, 11, 12]. All these
processes can be described in terms of an energy functional E
and a positively 1-homogeneous dissipation potential R, so that
the energetic formulation (S) & (E) applies. Within the works
[13, 14, 15, 16] an abstract existence theory for energetic solutions of rate-independent processes has been developed. First of
all, it uses the fact that a convex, positively 1-homogeneous dissipation potential R satisfies the triangle inequality, namely for all
z1 , z2 , z3 ∈ Z we find
´
`
R(z1 −z2 ) = 2R 21 (z1 −z3 ) + 21 (z3 −z2 )
´
`
≤ 2 21 R(z1 −z3 ) + 12 R(z3 −z2 ) = R(z1 −z3 ) + R(z3 −z2 ) ,

where we exploited the 1-homogeneity in the first line and convexity in the second line. Hence the dissipation potential generates a dissipation distance on Z × Z → [0, ∞]. If additionally,
for all z1 , z2 ∈ Z, R(z1 −z2 ) = 0 implies that z1 = z2 , then one
speaks of a quasi-distance. This notion expresses that two of the
axioms of a distance are satisfied, namely the triangle inequality
and positivity, but symmetry must not hold and the value ∞ can
be attained. This is the case for R from (2), because for z2 ≤ z1
it is R(z1 −z2 ) < ∞, whereas R(z2 −z1 ) = ∞.
The abstract existence theorem [17, Th. 3.4] is based on the
assumptions that
R : Z → [0, ∞] generates a quasi-distance,

(6a)

R : Z → [0, ∞] is (weakly seq.) lower semicontinuous.

(6b)

Moreover, it uses the following assumptions on the energy functional E : [0, T ] × Q → R ∪ {∞}
Compactness of energy sublevels: ∀ t∈[0, T ] ∀ E∈R :
LE (t) := {q ∈ Q | E (t, q) ≤ E} is weakly seq. compact.

(7a)

Uniform control of the power:
∃ c0 ∈R ∃ c1 >0 ∀ (tq , q)∈[0, T ]×Q with E (tq , q) < ∞ :

(7b)

E (·, q) ∈ C1 ([0, T ]) and
|∂t E (t, q)| ≤ c1 (c0 +E (t, q)) for all t∈[0, T ].
These properties ensure the following existence result for energetic solutions of rate-independent processes.
Theorem 1 (Abstract main existence theorem [17, Th. 3.4])
Let Q be a closed subset of a reflexive Banach space and let
(Q, E , R) satisfy conditions (6) and (7). Moreover, let the
following compatibility conditions hold: For every sequence
(tk , qk )k∈N with (tk , qk ) ⇀ (t, q) in [0, T ] × Q and (tk , qk )
satisfying (S) for all k ∈ N we have
∂t E (t, qk ) → ∂t E (t, q) ,
(t, q) satisfies (S) .

(8a)
(8b)

Then, for each initial datum (t=0, q0 ) satisfying (S) there exists an energetic solution q : [0, T ] → Q for (Q, E , R) with
q(0)=q0 .
The proof of Theorem 1 is based on a time-discretization,
where conditions (7a), (6b) ensure the existence of a minimizer
for the time-incremental minimization problem at each time-step.
For this, the direct method of the calculus of variations is applied. In particular conditions (7a) and (6b) can be verified if
E and R are convex and coercive. Hence, for a given partition
Π := {0 = t0 < t1 < . . . < tM = T }, for every k = 1, . . . , M
one has to find
qk ∈ Argmin{E (tk , q̃) + R(z̃−zk−1 ) | q̃ = (ũ, z̃) ∈ Q} .

(9)

Π

One then defines a piecewise constant interpolant q with
q Π (t) := qk−1 for t ∈ [tk−1 , tk ) and q Π (T ) = qM . Choosing a sequence (Πm )m∈N of partitions, where the fineness of Πm
tends to 0 as m → ∞, it is possible to apply a version of Helly’s
selection principle to the sequence (q Πm )m∈N , see thereto [13].
Using (7b) and the compatibility conditions (8) it can be shown
that the limit function fulfills the properties (S) and (E) of an energetic solution. For a detailed proof, see e.g. [16].
In various works this abstract theory has been applied to
prove the existence of energetic solutions of rate-independent
processes in the field of plasticity, damage, delamination, crackpropagation, hysteresis or phase transitions in shape memory alloys, amongst these [18, 19, 3, 20, 21, 2, 9, 10]. The way to
verify the abstract conditions depends on the properties of the
process under consideration. In particular, unidirectional processes such as damage or delamination processes require additional techniques to obtain compatibility condition (8b). In such
a setting, the dissipation distance takes the form (2), so that it is
neither continuous nor weakly continuous on Z. Hence, (8b) cannot be directly obtained from the stability of the approximating
sequence (tk , qk ) ⇀ (t, q) in [0, T ]×Q. An alternative technique
to prove (8b), which is very helpful to overcome this difficulty in
unidirectional problems, was introduced in [19]. It is called
Mutual recovery condition: Let tj → t in [0, T ] and qj ⇀ q
in Q with (tj , qj ) satisfying (S) for all j ∈ N. Then, also (t, q)
satisfy (S), if the mutual recovery condition holds, i.e. for any
q̂ ∈ Q, it must be possible to construct a mutual recovery sequence (q̂j )j∈N with q̂j ⇀ q̂ in Q so that
lim supj→∞ (E (tj , q̂j )+R(ẑj − zj )−E (tj , qj ))
≤ E (t, q̂)+R(ẑ − z)−E (t, q).

(10)

The term recovery sequence shows that this tool originates
from the theory of Γ-convergence for variational problems (see
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Section 4.1 and e.g. [22, 23] for more details), but mutual expresses that this new kind of recovery sequence has to supply
more: It has to recover the limit state mutually in all components,
mutually for the energy and the dissipation functional. For a mutual recovery sequence there exists no general ansatz. The way
to find it is individual for each problem since the construction of
the sequence strongly depends on the form of the functionals. In
particular, in many applications the sequence recovering the displacement cannot be constructed independently from the one for
the inner variable, since these quantities may be linked with each
other by the energy functional and the dissipation potential.
3.2.

Existence results for rate-independent damage

In this section we present a short overview on existence results for isotropic rate-independent damage processes and explain
in which settings they hold. Examples which are well known in
engineering will be discussed in Sections 3.3–3.7.
The existence of energetic solutions for the system (Q, E , R)
with E from
R (4) and R from (2) was first proven in [19] for
G(z) = r1 Ω |∇z|r dx with r > d. In [3] it was possible to extend this existence result to all r ∈ (1, ∞). As already addressed
in Section 3.1 the main difficulty lies in the proof of compatibility
condition (8b), more detailed, in the construction of the mutual
recovery sequence. It must guarantee that R(ẑj −zj ) → R(ẑ−z)
in (10) and hence, in particular provide ẑj ≤ zj as well as ẑj ⇀ ẑ
in Z. While the construction in [19] exploits the uniform convergence of the sequence zj → z due to the compact embedding of the Sobolev space W 1,r (Ω) into the space of continuous
functions for r > d, the case r ∈ (1, ∞) requires a completely
new technique in [3]. More or less, it relies on the fact that
min{ẑ, zk } ∈ W 1,r (Ω) as a combination of Sobolev functions
with the Lipschitz continuous function min : R × R → R and
utilizes that some terms of G(min{ẑ, zk })−G(zk ) cancel in (10).
The case r = 1 can be covered by considering the damage
variables as functions of bounded variation. Then G(z) turns
into the total variation of z. In [24] it is shown that the recovery sequence for r ∈ (1, ∞) can be adapted to the space BV of
functions of bounded variation using a theorem on the decomposability of BV -functions [25, Th. 3.84].
Due to the multiplicative link of z and e in W, such as e.g.
in (5), the assumption of partial damage (z⋆ > 0) is crucial to
preserve the coercivity of the energy functional with respect to e
and hence, to obtain the existence of energetic solutions in terms
of the displacements u. For the treatment of complete damage
(z⋆ = 0) the reader is referred e.g. to [26], where it is shown that
the evolution can be described in terms of energies and stresses,
although the strains are no longer well-defined.
The conditions (7) and (8a) can be guaranteed under suitable
assumptions on the stored energy density W, such as continuity,
growth conditions on W and its derivative and coercivity. Moreover, the convexity of W with respect to the strains is required
in the small strain setting [3, 24], whereas the finite strain setting
demands for quasi- or polyconvex densities [19, 27].
In the subsequent Sections 3.3–3.7 we give examples on energy densities W used in engineering, which satisfy these assumptions.
3.3.

Partial damage of concrete

A stored energy density which can be used to describe the
damage in reinforced concrete can be considered as follows:
`
´
(11)
W (e, z) := µz|e|2 + λ2 |(− tr e)+ |2 + z|(tr e)+ |2 ,
Rd×d
sym

where µ, λ > 0 are the Lamé constants. As before, e ∈
denotes the linearized strain tensor and z ∈ [z⋆ , 1] with z⋆ > 0
fixed is the damage variable. A special property of concrete is
that damaged regions in the structure can resist compression as
good as undamaged regions. This is featured in W by the fact

that the term (− tr e)+ = max{− tr e, 0}, which stands for the
volumetric part of the strains due to compression, is not affected
by z. However, damaged concrete has a weaker resistance to
tension. Therefore z acts on the term (tr e)+ = max{tr e, 0}.
The assumption z⋆ > 0 models partial damage in general, but
in particular, here it can be interpreted in the way that the concrete structure contains a reinforcement, which ensures that the
body still reacts on tension although the concrete matrix may be
completely broken. Moreover, mathematically speaking, z⋆ > 0
preserves the coercivity of W with respect to e. Since the volumetric
part of the strain tensor
is under control by the term
`
´
λ
|(− tr e)+ |2 + z|(tr e)+ |2 it particularly ensures that also the
2
deviatoric part is controlled. All these facts allow for finite shear
stresses in the material.
It is shown in [3, Sect. 5.2] that the stored energy density
W from (11) is convex and satisfies suitable growth conditions
so that the corresponding energy functional fulfills the assumptions of Theorem 1. Hence, with any of the regularizations
G(z) discussed in Section 3.2 and a complying set Z the existence of energetic solutions is guaranteed in the state space
Q := H 1 (Ω, Rd ) × Z.
3.4.

Ramberg-Osgood materials

The Ramberg-Osgood model applies to physically nonlinearly elastic materials, where the corresponding constitutive law
can be described by a power law. It was introduced in [28] for
aluminum alloys. Moreover, the reader is also referred to [29] for
a discussion of this constitutive law. In contrast to many other
materials the constitutive law for Ramberg-Osgood materials is
formulated in terms of the stresses σ instead of the strains e using
the complementary energy density
′
a
Wcp : Rd×d → R , Wcp (σ) := 21 σ : A : σ + ′ |σD |p . (12)
p
It depends on the linearized 2nd Piola-Kirchhoff stress tensor
σ and its deviatoric part σD := σ − trdσ Id. Here a > 0,
2 < p′ < ∞ and A ∈ R(d×d)×(d×d) is symmetric, positive
definite, i.e. cA1 |σ|2 ≤ σ : A : σ ≤ cA2 |σ|2 for all σ ∈ Rd×d and
constants cA1 , cA2 > 0. The complementary energy and the stored
energy, the latter depending on the strains e ∈ Rd×d
sym , are linked
by a Legendre transform, i.e.:
˘
¯
W (e) := sup
σ : e − Wcp (σ) .
σ∈Rd×d
sym

In [3, Sect. 5.3] it is carried out that this energy density is convex and satisfies a coercivity estimate of form W (e) ≥ c|e|p
with 1/p + 1/p′ = 1. Moreover, it is shown for the derivative
|∂W (e)| ≤ c0 W (e) + c1 . These properties allow it to verify
conditions (7) and (8a). Clearly, also the density for RambergOsgood materials can be coupled with damage.
3.5.

Ogden’s materials at finite strains

Finite strain elasticity is a geometrically nonlinear material
model. This means that also such deformations ϕ ∈ Rd can
be considered, whose gradients ∇ϕ are large, so that the right
Cauchy-Green tensor C = ∇ϕ⊤ ∇ϕ has to be taken into account. Therefore, one does not formulate the problem in terms of
the displacement field u(x) = ϕ(x) − x but directly in terms of
the deformation ϕ and the deformation gradient F := ∇ϕ.
A physically reasonable deformation has to preserve orientation, which is ensured by
∇ϕ ∈ GL+ (d) := {A ∈ Rd×d , det A > 0} .
Furthermore, the constitutive law has to be independent of rotations R ∈ SO(d) := {A ∈ Rd×d , A−1 = A⊤ , det A = 1}.
This is called material frame indifference, see (13). Moreover,
extreme deformations must cause extremely large values of the
stored elastic energy. In particular, the interpenetration must be
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prevented. These two properties can be implemented in the energy density as follows:
Material frame indifference:
W (RF ) = W (F ) for R ∈ SO(d), F ∈ Rd×d .
Noninterpenetration:

W (F ) = +∞
W (F ) → +∞

(13)

W (e, z) :=
for det F ≤ 0,
for det F → 0+ .

(14)

The problem is that conditions (13) and (14) are incompatible
with convexity, which is a convenient claim to ensure lower semicontinuity at small strains. To see this incompatibility, consider
P, Q ∈ SO(d), λ ∈ (0, 1), such that (λP +(1−λ)Q) 6∈ SO(d),
which conforms to a strain. Then convexity together with material frame indifference yields the following contradiction:
0 < W (λP + (1 − λ)Q) ≤ λW (P ) + (1 − λ)W (Q)
= λW (I) + (1 − λ)W (I) = 0.
The class of energy densities which fit to these natural requirements and which admit to prove existence are the polyconvex energy densities. They were introduced by J. M. Ball in [30]
as follows: A function W : Rd×d → R ∪ {∞} is called polyconf : Md → R ∪ {∞},
vex if it can be represented by a function W
d
which is convex on the set of minors M of Rd×d -matrices.
Ogden’s materials provide a typical example for polyconvex stored energy densities, since they are defined as the sum
of convex functions depending on the minors of a matrix. In
three space dimensions (d = 3) the minors of a F ⊤ F ∈ R3×3
sym
are given by the trace m1 (F ) := tr(F ⊤ F ), the trace of the
cofactor matrix m2 (F ) := tr Cof(F ⊤ F ) and the determinant
m3 (F ) := det(F ⊤ F ). Hence, an Ogden’s material coupled with
damage can e.g. be of the form
W (F, z) := z

M
“X
i=1

ai m1 (F )

γi
2

+

N
X

bj m2 (F )

i=j

δj
2

+m3 (F )−α

”

with constants M, N ∈ N, ai , bj > 0, γi , δj > d and α > d/2.
In [27, Sect. 3.2.3] it is carried out that the above stored energy density and its derivative satisfy suitable growth conditions,
so that the corresponding energy functional fulfills (7) and (8a).
3.6.

Uniformly convex density for improved temporal regularity

As it was already mentioned in Section 2, energetic solutions (u, z) : [0, T ] → Q may jump with respect to time. It
can be shown that its temporal regularity improves under additional convexity assumptions on the energy functional E (t, ·) :
Q → R ∪ {∞}. In particular, in [3, Th. 4.3] it is proven that
strict convexity implies that energetic solutions are continuous in
time. Strict convexity of the energy functional with respect to the
variables is given, if the corresponding stored energy density is
jointly strictly convex in all the variables, i.e. W (e, z) has to be
strictly convex jointly in (e, z) ∈ Rd×d × [z⋆ , 1].
It is characteristic for the modeling of damage, that the damage variable z and the strains e are linked multiplicatively by W,
such as in (5), since an increase of damage usually decreases the
elastic energy. The problem is that this multiplicative ansatz quite
often spoils the joint convexity, although W may be separately
convex in all the variables. As a negative example serves the
well-known (1 − d)-model for isotropic damage, see e.g. [5]: For
the symmetric, positive definite fourth order tensor B the stored
energy density
Ŵ (e, d) =

the direction (ẽ, z̃)=(− 2e , 1) yields D2 W (e, z)[(ẽ, z̃), (ẽ, z̃)] =
zẽ:B:ẽ + 2z̃e:B:ẽ = − 43 e:B:e < 0.
As is shown in [3, L. 5.1], examples of jointly (strictly) convex densities can be constructed using the ansatz

z
(1−d)
e:B:e = e:B:e = W (e, z)
2
2

is not jointly convex in (e, z). This can be seen from calculating the Hessian; evaluating it in (e, z)=(e, 1), e ∈ Rd×d
sym , in

α
1
e : B : e + |z|2
η−z
2

(15)

with constants η > 1 and α ≥ 0. For α = 0 we only have
joint convexity, since then W (0, z) = 0 for all z ∈ [z⋆ , 1], while
α > 0 yields strict convexity jointly in (e, z).
Finally, it is worth mentioning that joint uniform convexity
of W improves the temporal regularity of energetic solutions to
Hölder and in some cases even to Lipschitz continuity. For more
details about this result the reader is referred to [3, Sect. 4.2].
Examples can be found in [3, Sect. 5.1] or [31, Sect. 5.3.2].
Since the density in (15) is of quadratic growth in e, it is even
uniformly convex. Hence, using a quadratic regularization for
∇z will lead to an energy functional which is uniformly convex on Q := H 1 (Ω, Rd ) × H 1 (Ω). Thus, energetic solutions of
this problem are Lipschitz continuous with respect to time. The
Hölder continuity of energetic solutions plays a role if either the
stored energy density or the regularization is of superquadratic
growth with respect to e or ∇z, whereas subquadratic growth
still leads to Lipschitz continuity.
3.7.

Bang-bang damage

As an example for the model with BV -regularization we
want to mention the so-called bang-bang damage model, which is
discussed in [24]. It describes the special case, when the damage
variable attains the values 1 or 0, only. This means that the damage variable z : Ω → {0, 1} only distinguishes between the two
situations: locally unbroken for z(x) = 1 and locally broken for
z(x) = 0. In this setting, the set of admissible damage variables
can be considered to be the subset of BV(Ω) consisting of the
characteristic functions of sets of finite perimeter, i.e.

ﬀ
χZ : Ω → {0, 1} characteristic function of
ZBB :=
. (16)
Z ⊂ Ω, P (Z, Ω) < ∞
Since a characteristic function χZ of such a set Z is simply a
jump function, its variation in Ω reduces to the jump part, which
here is equivalent to the perimeter of Z in Ω, i.e. |DχZ |(Ω) =
P (Z, Ω). Hence, the regularization for the damage variable
z = χZ in this setting is GBB (z) := σP (Z, Ω) with a constant
σ > 0. Compactness properties of the set ZBB and properties of
GBB used for bang-bang damage are explicated in [24, Sect. 3]
and we also refer to [25, Chap. 4] for more details.
4.

Delamination models

In many engineering contributions (e.g. in [32]) an interface
is understood as the limit of a thin medium following its own
constitutive law. This was the motivation to mathematically rigorously perform such a limit passage in order to obtain a delamination model as the limit of damage models. [33] considers
a three-specimen-sandwich-structure, where the outer two constituents Ω− , Ω+ are perfectly unbreakable and the middle component ΩεD experiences partial damage. Here, the lower bound
on the damage variable depends on a parameter ε > 0, i.e.
z⋆ε = εγ ∈ (0, 1) for a positive γ, such that z(t, x) ∈ [εγ , 1]
for a.e. (t, x) ∈ [0, T ] × Ω. As ε → 0 the lower bound z⋆ε as well
as the thickness 2ε of the damageable component ΩεD tend to 0,
so that the limit model describes delamination along the interface
ΓC , since z may attain the value 0 in the limit. The limit passage
is done in a double limit. We start in the setting described above
with an energy functional Eεκ similar to (4), but defined on the
domain Ω R= Ω− ∪ ΩεD ∪ Ω+ and containing the regularization
Gεκ (z) = Ωε κε |∇z|r dx, r ∈ (1, ∞). Moreover, we use the
D
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modified dissipation potential Rε (v) = 1ε R(v). Then, the first
limit ε → 0 leads to a model involving the delamination gradient, which is called gradient delamination model:
8 R
W (e(u))dx − hl(t), ui + G κ (z)
<
κ
E (t, u, z) = Ω− ∪Ω+
if (u, z) ∈ QC , (17)
:
∞
otherwise ,
R
where G κ (z) = Γ 2κ|∇z|r dx. Because of this, the delamiC
nation variable can attain values between 0 and 1. This property
differs from those of crack-models based on Griffith’ fracture criterion [34], as studied e.g. in [35, 36, 37]. To overcome this discrepancy the gradient is suppressed in a second limit κ → 0:
8
R
W (e(u))dx − hl(t), ui
<
Ω− ∪Ω+
(18)
E (t, u, z) =
if (u, z) ∈ QG ,
:
∞
otherwise .

and the energetic formulation of rate-independent processes. It
is desired that energetic solutions qj : [0, T ] → Q of the approximating systems (Q, Ej , Rj ) converge to an energetic solution q : [0, T ] → Q of the limit system (Q, E∞ , R∞ ). This
means that conditions (3) must be maintained under convergence,
so that the interplay of Ej and Rj is important. In [16] the theory of Γ-convergence was adapted to the framework of the energetic formulation of rate-independent processes. In particular
[16, Th. 3.1] supplies sufficient conditions which guarantee that
a subsequence of energetic solutions of the approximating systems (Q, Ej , Rj ) converges to an energetic solution of the limit
system (Q, E∞ , R∞ ).
One of these sufficient conditions is the mutual recovery condition which can be adapted from (10) to the above setting of
sequences of functionals by replacing the functionals E and R
on the left-hand side of the inequality (10) by the approximating
functionals Ej and Rj , respectively. It should be mentioned that
the construction of the mutual recovery sequences for the limit
passages ε → 0 and κ → 0 are extraordinarily difficult, since the
transmission condition (19) induces a very strong link between
the damage variable and the displacement. In order to recover it
in the limit, this link has to be implemented into mutual recovery
sequence by a suitable adaption to the state spaces QD and QC of
the approximating problems. For more details we refer the reader
to [33, Sect. 3.2 and 4.2].

which are reflected in (17) and (18) by the sets QC and QG and
which result from the following ansatz for the stored energy density on ΩεD in the damage model:

4.2.

In fact, this second limit model is of Griffith-type, since it is
shown in [33] that an energetic solution (u, z) : [0, T ] → Q satisfies for all t ∈ [0, T ] that z(t, x) ∈ {1, 0} for a.e. x ∈ ΓC and
the initial datum z0 = 1. Both models incorporate transmission
and unilateral contact conditions along the interface:
˜˜
ˆˆ ˜˜
ˆˆ
(19)
z u = 0 and
u · n1 ≥ 0 a.e. on ΓC ,

WD (e, z) := zW (e) + | max{− tr e, 0}|p .

(20)

Here W : Rd×d
sym → R is a convex, coercive stored energy density,
[[u]] denotes the jump of u across ΓC and n1 is the unit normal
vector to ΓC . Obtaining the Griffith-type delamination model,
i.e. passing to 0 with κ in (17), requires continuity of the displacements. Because of the compact embedding of the Sobolev
space W 1,p (Ω, Rd ) for p > d into the space of continuous functions, this is ensured if W is of superquadratic growth in e, more
detailed if c1 |e|p ≤ W (e) ≤ c2 |e|p with p > d.
4.1.

Tools: Γ-convergence of rate-independent systems

The mathematical tool which is used to perform the above
limit passages ε → 0 and κ → 0 is the Γ-convergence of
rate-independent systems. It was developed in [16] by adapting the original notion of Γ-convergence of functionals to rateindependent processes.
However Γ-convergence introduced by De Giorgi in [22], see
also [23] is a method to gain a static variational problem and its
minimizers as a limit of a sequence of static variational problems
and their minimizers. A sequence of functionals (Fj )j∈N with
Fj : X → R ∪ {∞}, where X is a metric space, is said to Γconverge to a functional F : X → R ∪ {∞} if for every w ∈ X
the following two conditions are satisfied:
Γ- lim inf inequality:
X

∀ (wj )j∈N , wj → w : F(w) ≤ lim inf Fj (wj ) ,
j→∞

(21a)

Recovery sequence:
X

∃ (ŵj )j∈N , ŵj → w : F(w) ≥ lim sup Fj (wj ) .

(21b)

j→∞

For rate-independent systems (Q, Ej , Rj )j∈N with time-dependent, energetic solutions qj : [0, T ] → Q it is easy to see that
E∞ = Γ- lim Ej

and

R∞ = Γ- lim Rj

is not sufficient to ensure (S) and (E). Hence a modified concept of Γ-convergence has to be used for the quasistatic setting

Alternative model: Adhesive delamination

The Griffith-type delamination model (Q, E , R) may be disadvantageous to implement numerically due to the local nature
of the transmission condition and the noninterpenetration condition (19). As it shown in [33, Sect. 5] the double limit passage
can also be performed simultaneously by choosing ε suitably in
dependence of κ. Hence, the local constraints (19) can be compassed by using the partial damage model (Q, Eεκ , Rε ) for sufficiently small ε(κ) and κ.
An alternative ansatz is suggested in [20]. Using the theory
of Γ-convergence of rate-independent systems it is shown that the
local transmission condition z[[u]] = 0 can be approximated by
the nonlocal energy term
Z
˛ˆˆ ˜˜˛2
kz ˛ u ˛ dx
as k → ∞ .
ΓC

The corresponding rate-independent model is the so-called adhesive delamination model. This notion is due to the fact that the
displacement are allowed to jump across ΓC even for z > 0. This
reflects that z : ΓC → [z⋆ , 1] describes the state of an adhesive
which bonds the separate bodies Ω− and Ω+ along ΓC .

5.

Summary and concluding remarks

This contribution presents damage and delamination models which are stated using the energetic formulation of rateindependent processes. The suitable notion of solution in this
context is the so-called energetic solution. It is defined by
(S) & (E). An abstract existence result is given by Theorem 1
in Section 3.1. It is addressed how this result is used to prove the
existence of energetic solutions for the model for partial isotropic
damage presented in Section 3 with different regularization terms
for the damage variable. Section 4 discusses several delamination
models as the limit of damage models. These are the gradient delamination model and the Griffith-type delamination model. An
alternative model is the adhesive delamination model described
in Section 4.2. The mathematical tool for this limit passage is the
Γ-convergence of rate-independent systems, which is introduced
in Section 4.1. The Sections 3.3–3.7 discuss examples of stored
energy densities coupled with damage which fit into the framework of Theorem 1 and which are relevant in engineering, such
as the damage of reinforced concrete and of Ramberg-Osgood or
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Ogden’s materials. Moreover, Section 3.6 introduces an alternative ansatz for the multiplicative coupling of the damage variable
and the strains which leads to improved temporal regularity of
energetic solutions.
Section 3.7 discusses the bang-bang model, where the damage variable is a characteristic function of a set Z with finite
perimeter and the regularization is GBB (z) = σP (Z, Ω) is given
by the perimeter. However, for numerical simulations it may be
unfavorable to work with a regularization which is a measure. For
this purpose one can approximate GBB by the regularizations
8 R ` 2
´
< Ω k (z−εk )2 (1−z)2 + k12 |∇z|2 dx
1
Gk (z) :=
if z ∈ H (Ω, [εk , 1]) ,
:
∞
otherwise,
R1
where εk → 0 as k → ∞ and σ := 2 0 z(1 − z) dz. A term
of the form Gk was first used in [38] for the modeling of phase
separation. In a static context it was shown that the functionals Gk Γ-converge to GBB , see also [39]. In [24, Sect. 3.1] it
is verified that this approximation ansatz can be carried over to
the rate-independent setting for the modeling of partial isotropic
damage, where the unidirectionality of the dissipation potential
imposes an additional constraint. At this point it is worth mentioning that a regularization of the form Gk also occurs in the socalled Ambrosio-Tortorelli model for rate-independent damage.
It is proved in [37] that these models approximate the FrancfortMarigo model for Griffith-type fracture, see [12]. This result is
again based on the Γ-convergence of rate-independent processes.
In this work damage and delamination phenomena are modeled as rate-independent, unidirectional processes. This modeling
assumption is admissible whenever the external loadings evolve
much slower than the internal (damage or delamination) variable
and if the healing of the material is impossible. This is true for
metals, concrete or rocks. But as soon as one wishes to model the
damage of living structures such as bones, these assumptions fail.
Fortunately, healing of microcracks in bones is possible and it is
a process which is performed steadily by very complex mechanisms. The healing of the bone is slower than the external loadings acting on it and possibly much slower than its damage, which
can happen instantaneously. Therefore, the mathematical modeling of bones goes beyond rate-independence and it entails many
interesting questions and analytical challenges.
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[19] Mielke, A., Roubíček, T., Rate-independent damage processes in
nonlinear elasticity, M3 AS, 16, pp. 177-209, 2006.
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